We use maximum likelihood methods as published in Verbunt et al. to analyse a new large dataset of parallaxes and proper motions measured by Deller et al. This sample is roughly three times larger than number of measurements available before. For both the complete sample and its younger part (τ < 3 Myr), we find that a velocity distribution containing two Maxwellians describes the measured parallaxes and proper motion better than a single Maxwellian. The sum of two Maxwelians has the following parameters: fraction of low-velocity pulsars and average velocities σ 8/π of low and high-velocity pulsars. For a complete sample these parameters are as following: 42 per cent, 205 km s −1 and 476 km s −1 . For younger pulsars which are used as a proxy for the natal kick, these parameters are as following: 20 per cent, 90 km s −1 and 540 km s −1 . 5 per cent of pulsars has natal kicks less than 60 km s −1 . We analyse parameters of the Galactic distribution of pulsars and found that the vertical scale-height strongly depends on the spin-down age and is 320 pc for complete sample and 180 pc for pulsars with τ < 3 Myr. The radial scale-length is not as sensitive to age and is ≈ 0.8 kpc. Results of the velocity analysis are weakly sensitive to the exact values of scale-lengths. As in the original research, our main result is that the velocity distribution is wider than a single Maxwellian.
INTRODUCTION
Neutron stars (NSs) are known to receive natal kicks at the moment of supernova explosion (Podsiadlowski et al. 2005 ). This fact is derived from observations of large peculiar velocities (order of 100 km s −1 ) of isolated radio pulsars in comparison to their progenitors O-B stars with peculiar velocities of ≈ 10 − 15 km s −1 (Lyne & Lorimer 1994) . The young NSs are known to be located at some offset from the centre of the associated supernova remnants (SNRs; Frail et al. 1994; Holland-Ashford et al. 2017) . Some NSs demonstrate a bow shock as a proof of direct association of the pulsar with the SNR and large pulsar speed e.g. the Guitar nebula (Cordes et al. 1993) . The scale height of radio pulsar population in the Galaxy (330 pc; Lorimer et al. 2006) is much larger than the scale height of pulsar progenitors (≈ 50 pc). These multiple direct observations confirm a large natal kick scenario for a significant number of NSs.
There are certain indications that some NSs received very small natal kicks. In particular, the formation of some double NSs systems requires natal kicks of order of tens E-mail: ignotur@gmail.com km s −1 (Tauris et al. 2017) . Mapelli & Giacobbo (2018) used binary population synthesis coupled together with cosmological simulation to study dependence of double NSs merger rate on natal kicks. They found that it was necessary to assume extremely small value of σ = 15 km s −1 for the Maxwellian velocity distribution to reproduce the double NSs merger rate derived from the gravitational wave detection GW170817 (Abbott et al. 2017) . There is a group of Be X-ray binaries with small eccentricities and large orbital periods (Pfahl et al. 2002; Townsend et al. 2011) which require natal kicks of v < 50 km s −1 to explain their observational properties. This indirect evidence suggests that a noticeable fraction of NSs are born with small natal kicks.
Knowledge of the natal kick distribution for neutron stars (NSs) is important because it is an essential ingredient of models for double NSs formation, in particular the double NS mergers (Abbott et al. 2017 ), short gamma-ray bursts, millisecond pulsars formation and different scenarios for white dwarfs-NS mergers (Toonen et al. 2018) . Natal kicks are essential to model the Galactic distribution of pulsars and eventually design radio surveys to discover new NSs. A fraction of low-velocity NSs is important to predict and interpret (if discovered) a fraction of NSs accreting from the interstellar medium (Ostriker et al. 1970; Shvartsman 1971) . For example, Popov et al. (2000) derived the lower bound on the mean kick velocity as 200-300 km s −1 based on absence of isolated accreted NSs sources in the ROSAT observations. Future observations with the eROSITA mission should help solving this issue.
One of the well-known ideas to constrain the natal kick velocity distribution is to analyse the parallaxes and proper motions of young isolated radio pulsars, see e.g. Arzoumanian, Chernoff & Cordes (2002) and Verbunt, Igoshev & Cator (2017) . analysed a small sample containing 28 pulsars (19 pulsars with spin-down age less than 10 Myr). They used a maximum likelihood method to estimate parameters of the velocity distribution consistently. This estimate crucially depends on our knowledge of precise parallaxes and proper motions for a large number of objects.
The primary reason for this new study is a recent publication of a large sample of precise interferometric measurements by Deller et al. (2019) . This sample contains measurements for 57 radio pulsars; most parallaxes are measured for the first time. We use the same maximum likelihood technique described by to analyse this extended sample combined with older measurements. Therefore, we aim at obtaining a more reliable estimate for the natal kick velocity distribution.
The secondary reason is to extend the model parameter space and optimise parameters for the Galactic distribution of radio pulsars. We also aim at testing the sensitivity of the method to a particular choice of parameters for Galactic distribution of pulsars.
The article is structured as following: in Section 2 we describe our dataset, in Section 3 we briefly introduce the essential ingredients of the maximum likelihood technique and in Section 4 we present the results. We conclude our paper with discussion and conclusions.
DATA
In this research, we combine new measurements presented by Deller et al. (2019) with older reliable VLBI measurements of parallaxes and proper motions previously collected by . Table 1 shows the list of literature sources; all the measurements are compiled in the master list Table A . To find periods and period derivative of pulsars we use the ATNF catalogue (Manchester et al. 2005) 1 . In this research we decide to keep only reliable measurements for parallax i.e. /σ > 3 where is the measured parallax and σ is the parallax uncertainty. In principle, our method could deal with upper limits as well, but in this case the final result becomes much more sensitive to exact assumptions about the spatial distribution of the pulsars in the Galaxy. A model for spatial distribution of radio pulsars is based on previous distance measurements (often via the electron density model) and is not particularly reliable for radio pulsars. If the parallax or proper motion uncertainty is non-symmetric, we choose the greatest value out of two.
To update the list we replace parallax and proper motion measurements by Brisken et al. (2002) with values provided by Deller et al. (2019) for two radio pulsars: J0332+5434 (new parallax differs 3.05σ) and J1136+1551 (new parallax differs 0.71σ). Deller et al. (2019) provided parallax measurements for five pulsars from Brisken et al. (2003a) with measured proper motions. Three of theses pulsars (J1645-0317, J1735-0724 and J2305+3100) are younger than spin-down age τ = 10 Myr. As a measure of the pulsar age we use the spin-down age τ = P/(2 P) where P is the pulsar period and P is the period derivative. The spin-down age could differ from real age if the initial period of pulsar is large or the pulsar experienced a magnetic field evolution. It seems that the spin-down age works reasonably well for most pulsars with τ < 10 − 20 Myr (Igoshev 2019) .
In general our master list includes nearly all objects from Deller et al. (2019) with exception of four millisecond (recycled) radio pulsars (J2010-1323, J2145-0750, J2317+1439 and J1022+1001). We also exclude NSWD system J0823+0159. Binaries with radio pulsars move in respect to the local standard of rest with a peculiar velocity which could significantly differ from the pulsar natal kick because the energy and momentum of the kick are partly redistributed into the orbital parameters. As in the previous research we do not include any pulsars located inside globular clusters. The total number of previous measurements of good quality is 24, while the number of new good quality measurements is 45. We do not extend our sample further to include pulsars with distances based on dispersion measure and an electron density model of the Galaxy as it was shown by Deller et al. (2019) these distances could differ 3-5 times from parallax measurements both for NE2001 (Cordes & Lazio 2002) and YMW16 (Yao et al. 2017 ) models.
We plot the positions and proper motions for radio pulsars in our master list in Figure 1 . It is easy to notice a dearth of objects around l = 270 (possibly because it is unavailable for the VLBI observations). In general we notice objects above and below the Galactic plane. As discussed previously corrections for the motion of the local standard of rest are small and seem to be negligible for majority of objects in our sample. Pulsars in the catalogue by Deller et al. (2019) have smaller parallaxes in comparison to previous measurements, see right panel of Figure 1 .
In Figure 2 , we plot the cumulative distribution of trans- 
where µ α * and µ δ are the measured values of proper motion in the direction of right ascension and declination. We see that the distribution suggested by Hobbs et al. (2005) has a systematic shift, and therefore does not describe the new data. The origin of this systematic shift could be due to overestimated distances to pulsars. The distribution suggested in seems to reliably estimate the low-velocity tail, but somewhat differs from the data in regions around ≈ 100 km s −1 and ≈ 400 km s −1 .
METHOD
We use the same maximum likelihood methods as described in and , therefore we refer any interested reader to these two articles for detailed description. Here we give a brief summary highlighting most relevant details.
The Galactocentric pulsar distribution
We assume that the Galactic distribution of pulsars forms a thin, exponential disk. In this assumption we follow the previous works of Verbiest et al. (2012) and Lorimer et al. (2006) with corrections of Igoshev et al. (2016) . The exact form of the distribution is:
where |z| is the height of a pulsar above the Galactic plane, C is the normalisation factor, R is the Galactocentric distance of the pulsar. Two values h and H are parameters of the model; for young radio pulsars these values are usually assumed to be h = 0.33 kpc and H = 1.7 kpc. Given the wealth of interferometric data provided by Deller et al. (2019) , we aim to optimise these parameters. Eq. (2) is normalised numerically for each direction and each set of parameters h, H for D ∈ [0, 10] kpc, such that:
This step is essential if parameters h and H are optimised using the maximum likelihood technique.
Velocity distributions
We analyse four different velocity distributions f v (ì v| ì σ)dv with vector of parameters ì σ. First, we use isotropic Maximilian velocity distribution 3 with a single parameter σ:
Second, we use a sum of two isotropic Maxwellian distributions:
where w is a fractional contribution of the first Maxwellian, such that w ∈ [0, 1]. If w = 0 or w = 1 the distribution defined by eq. (5) becomes a single Maxwellian. Third, we introduce a mixed model which is a combination of isotropic and a semi-isotropic Maxwellian distribution f v,semi (ì v|σ)dv. The latter one is a Gaussian distribution for velocity component directed away from the Galactic plane (v z · z > 0) and zero otherwise, two other velocity components are not affected.
We call it a mixed velocity distribution because we apply the isotropic Maxwellian distribution to one group of pulsars and semi-isotropic Maxwellian distribution to another group. The first group (isotropic) contains 17 pulsars with no clear preference for orientation of the velocity vector. 
The likelihood function and model comparison
Using eq.
(2) and one of velocity distributions eqs. (4-7) together with normal distributions for measurement errors for parallax g ( |D) and two components of proper motion
The joint probability depends on unknown actual distance D and velocity vector ì v, so we integrate it over these quantities partly numerically and partly analytically to produce the conditional probability of individual measurements given a parameter of the particular velocity distribution:
We assume that the measurements of individual pulsars do not depend of each other, in this case the conditional probabilities for different pulsars can be multiplied to form a likelihood of the model given the data. Doing so, we also assume that the proper motion measurement is independent of the parallax measurement. In reality there is certain correlation which needs to be taken into account in future. For numerical convenience we compute the logarithm of the likelihood:
We further optimise the log-likelihood for every velocity distribution and find the best parametersσ. We use the log-likelihood difference:
in each direction of the parameter vector ì σ to estimate the confidence interval. The log-likelihood difference of ∆L = 1 corresponds to a 68 per cent confidence region.
To compare two velocity distributions given the same dataset (with respective log-likelihoods L a (σ 1 ) and L b (σ 2 )), we compute log-likelihood difference of these models using the likelihood ratio test:
The value of dL is roughly distributed as χ 2 with number of parameters equal to number of additional free variables present in the second model in comparison to the first model. The usage of the likelihood ratio test is justified for comparison of models consistent of two Maxwellians versus a single Maxwellian since these are nested models i.e. two Maxwellians can approximate a single Maxwellian distribution if parameters are chosen in a particular way.
RESULTS

Velocity distribution of all radio pulsars
We show the results of our analysis in Table 2 lower σ 1 should be. It could indicate that the actual distribution is not a sum of two Maxwellians, but instead it could be described by two separate variables. While the contribution and location of the high-velocity component are roughly consistent with the result of (within the 68 per cent confidence interval), the low-velocity component is inconsistent. We notice, that the sample compiled by Deller et al. (2019) strongly lacks low-velocity pulsars especially with large spin-down ages. While the sample of Brisken et al. (2002) contained two out of nine pulsars (roughtly 22 per cent) with nominal transverse velocity less than 40 km s −1 , our new sample has three out of 69 (4 per cent) within the same velocity range. The reason for this is unclear. The low-velocity pulsars should stay close to the Galactic plane and, therefore, be abundant in any radio survey. One possible explanation is that pulsars in the sample by and in the sample by Deller et al. (2019) have different spin-down ages. In Figure 3 , we plot the spin-down ages distribution for these two samples. Overall, the Deller et al. (2019) sample contains fewer objects with τ < 10 Myr and more older objects.
To check if an addition of secondary Maxwellian is significant, we compute the likelihood difference dL = 10 which is equivalent to ∆ χ 2 ≈ 99 per cent for two degrees of freedom corresponding to two added parameters. This likelihood difference is very significant, but the significance decreased slightly in comparison to one found by . We suspect that this decrease is caused by dearth of lowvelocity pulsars in Deller et al. (2019) sample in comparison to the previous measurements.
Further, we introduce a mixed model: 17 pulsars with nominal |z| < 50 pc and pulsars with the spin-down age τ > 50 Myr are analysed using an isotropic distribution and all other are analysed using a semi-isotropic distribution. The calculations of the semi-isotropic model used in have to be slightly corrected to deal with much smaller errors for proper motions in the sample by Deller et al. (2019) . Namely, the parameter h responsible for size of the region for the numerical integration (see Appendix C in ) is decreased to h = 2π/500.
We notice that when the mixed model is used, we obtain significantly lower values of the likelihood (dL = 34 for single Maxwellian and dL = 43 for sum of two Maxwellians). It means that younger pulsars outside of the |z| < 50 pc region indeed have preferable orientation of the velocity vector pointing outside of the Galactic plane as it is expected. Application of the mixed model shifts w, σ 1 and σ 2 to slightly lower values. In the case of a sum of two Maxwellians, the mixed model keeps correlations between w and σ 1 , see Figure 4 (lower left panel). The mixed model with two Maxwellian distributions suggested in is outside of the 99 per cent confidence interval. Addition of the second Maxwellian is significant because the likelihood difference of dL = 9 is equivalent to ∆ χ 2 ≈ 99 per cent for two degrees of freedom. Therefore, introduction of the mixed model does not change the result qualitatively, but slightly shifts velocities to smaller values.
Natal kicks of radio pulsars
Studying the natal kick distribution requires us to restrict the sample to the youngest radio pulsars, which are less affected by observational selection and deceleration in the Galactic gravitational potential. On the one hand, it is better to choose as small cut-off for spin-down ages as possible. The fastest pulsars (≈ 1000 km s −1 ) could travel up to 1 kpc per 1 Myr. Therefore, such pulsars could escape most modern radio surveys which concentrates on objects close to the Galactic plane. On the other hand, choosing inappropriately small age cut-off we unnecessary decrease the sample size. With this in mind, we decrease the cut-off age to 3 Myr (cutoff used by Hobbs et al. 2005 ) in comparison to 10 Myr used in . Our Y sample contains 21 objects which is comparable in size to Y sample from .
When we optimise the likelihood function using the single isotropic Maxwelian velocity distribution with sample of younger pulsars we find that σ = 296 km s −1 . The values found by Hobbs et al. (2005) and (single Maxwellian σ = 277 km s −1 ) are within our 68 per cent confidence interval. It is worth noting that this value is significantly higher than σ = 229 km s −1 found for the entire sample. This effect is likely a combination of the observational selection mentioned above and physical deceleration of pulsars in the Galactic gravitational potential.
When we optimise the model containing two Maxwellian distributions we find a result which is within the 68 per cent confidence interval of . The first Maxwellian with σ 1 = 55 km s −1 contains 19 per cent of all objects and the second Maxwellian with σ 2 = 334 km s −1 contains 81 per cent of all pulsars. The presence of a second component is quite significant: the likelihood difference dL = 6 corresponds to ∆ χ 2 = 95 per cent for two degrees of freedom.
It is also worth noting that correlation between σ 1 and w is practically negligible, see Figure 4 (upper right panel). All three contours cover practically the same area which includes the maximum likelihood point. It indicates that the low and high-velocity pulsars probably belong to clearly distinguished distributions. When we optimise the mixed model we identify two components with parameters well within the 68 per cent confidence interval of the isotropic model. The contours of constant likelihood are in Figure 4 (right lower panel) resemble one found for the isotropic model with an exception of their much longer tails in the high-velocity direction.
We were puzzled by the likelihood difference of this model dL = 21 which is just dL = 3 different from the single Maxwellian mixed model. Such a difference indicates only a slight preference (∆ χ 2 ≈ 60 per cent for two degrees of freedom). However, it is worth remembering that this model is based on at least two essential assumptions:
(1) the velocity distribution is a sum of two Maxwellians and (2) the velocity vectors of young pulsars (beside ones in the 50 pc stripe along the Galactic plane) are directed away from the plane. It seems that the second assumption plays an essential role in decreasing the likelihood difference. We plot the likelihood contributions of individual pulsars in = 148 pc. Therefore, the PSR J0614+2229 should move away from the Galactic plane, while in reality it has a significant component of proper motion directed toward the plane. This is a reason why the significance of the mixed model with two Maxwellians is not high enough. Another object in the Y list which seems to move toward the plane is PSR J0538+2817. Both models have exactly the same likelihood for this pulsar which means that its proper motion toward the plane is apparent. This is not the case, however for J0614+2229.
We perform additional analysis moving PSR J0614+2229 into the isotropic list. The results of likelihood optimisation in this case are well within 68 per cent confidence interval of the original mixed model. We plot the likelihood profile in Figure 6 . The plot is very similar to the isotropic case: long tails in the high-velocity direction seen in the original mixed model disappeared. This model's total likelihood is significantly different. A mixed model with two Maxwellians with PSR J0614+2229 treated as a pulsar with velocity drawn from the isotropic velocity distribution is significantly more accurate than similar model which contains single Maxwellian (dL = 6 corresponds to ∆ χ 2 = 95 per cent for two degrees of freedom). Therefore, we conclude that PSR J0614+2229 has to be treated as an exception.
It is worth noting that the main reason our original mixed model with two Maxwellians is not as significant as new model is because the orientation of the velocity vector of J0614+2229 is unexpected. If we completely remove J0614+2229 from the sample, we obtain same significance as in the case when we treat this pulsar as one with velocity drawn from the isotropic velocity distribution. 
Galactic distribution of radio pulsars
We study the dependence of our maximum likelihood technique on parameters of the Galactic distribution of radio pulsars. To do so, we optimise the single isotropic Maxwellian model for values of h and H from eq.(2) computed on a grid. We perform this optimisation for A, Y sample and also for pulsars with τ < 10 Myr (sample I hereafter). Results are summarised in Table 3 and in Figure 7 .
We clearly see age-dependent trend: younger radio pulsars have much smaller h, so they are stronger concentrated towards the Galactic plane. In general, the value of h = 0.32 kpc which we found for the A sample is in good agreement with previous measurement by Lorimer et al. (2006) . However, it is surprising that H = 0.8 value differs significantly from one found before (H = 1.7 kpc). Smaller value of the parameter H means stronger concentration of pulsars at larger radial distances from the Sun. This could be related to a non-uniform sky coverage, see sky map Figure 1 .
Despite a dramatic change in value of parameters h and H the result of the maximum likelihood optimisation for velocity distribution is well within the 68 per cent confidence interval of original models, and parameters differ by less than 10 km s −1 (see Table 2 ). This is related to the fact that parallaxes are measured with high precision in new PSRπ catalogue, therefore the initial distance distribution does not have a significant effect on velocities. Figure 8 . The probability density functions for natal kicks found in different studies. Black solid line shows the distribution found for young radio pulsars using the mixed model with an exception of J0614+2229 which is treated as drawn from the isotropic velocity distribution. Red dashed line shows the distribution found by Hobbs et al. (2005) and blue dashed lines shows one found by .
DISCUSSION
In Figure 8 we plot the result of our analysis and two works mentioned previously. Our result differs significantly from the Hobbs et al. (2005) and more similar to work by . In comparison to this latter research, the first peak of the velocity distribution has shifted slightly toward even smaller velocities, the height of the first peak decreased and the gap between two modes becomes more apparent. Using our best model for velocities of young radio pulsars, we plot the fraction of NSs born with v < 60 km s −1 in Figure 9 . This fraction varies between 2 and 8 per cent and is compatible with one found before in .
It is important to highlight once again that our analysis is based only on parallaxes and proper motion measured for isolated radio pulsars 4 . If a weak natal kick (0-60 km s −1 ) occurs more frequently (or solely) in interacting binaries, the binary often stays bound and, therefore, is excluded from our master list. There are a number of theoretical mechanisms suggested in support of this scenario, such as the electron capture supernova explosion or accretion induced WD collapse. The kick amplitude might be related to an amount of mass lost during the explosion, so a stripped star in an interacting binary would receive much weaker kick and ends up as an isolated pulsar only in exceptional cases. With further constraints on natal kick distributions derived for merging double NS systems (see e.g. Mapelli & Giacobbo 2018), MSPs and BeX binaries it is important to check if the tension between results of our method and those measurements keeps growing. If it is the case, the preferable binary origin of weak natal kicks seems to be the most plausible explanation. There is an additional caveat in our analysis. The Galactic gravitational potential affects velocity of isolated neutron stars. Stars moving at the highest speeds (>500 km s −1 ) leave the Galaxy or become a part of the Galactic halo. On the other hand, the only quantity which is available for us to distinguish between older and younger pulsars is the spindown age. This age is affected by the magnetic field evolution and initial periods. If we assume that our understanding of these two quantities is reasonable, we do not expect the spin-down age to be extremely different from the actual age (cannot be a case of young pulsar with τ = 1 Gyr). However, if there is an unknown mechanism which mixes spin-down ages, our selection of youngest pulsars can be more strongly affected by the observational selection.
It is worth to discuss the case of PSR J0614+2229. There are two possible explanations for its abnormal velocity vector directed toward the Galactic plane: (1) pulsar was born high above the plane or (2) pulsar experienced unusual magnetic field evolution. In the first case the pulsar might have been a part of a massive binary system which received large systemic velocity (order of 100 km s −1 ) during the first supernova explosion. In this case the binary had some time to travel away from the Galactic plane before the secondary supernova explosion. The secondary explosion producing the observed pulsar disrupted the binary. In the second case, PSR J0614+2229 might be a pulsar with a hidden magnetic field which has re-merged over time which makes the simple spin-down age estimate extremely unreliable.
CONCLUSION
We analysed new parallaxes and proper motion measurements for isolated radio pulsars published by Deller et al. (2019) together with older measurements using the maximum likelihood method. We optimised the parameters of velocity and Galactic distributions of pulsars. We find:
The velocity distribution of pulsars of all ages presented in our master list is compatible with a sum of two Maxwellians with contribution of first w = 0.42, σ 1 = 128 km s −1 and σ 2 = 298 km s −1 . It differs from results of and might be explained by a different selection of pulsars in Deller et al. (2019) in comparison to earlier works.
The natal kick distribution of NSs derived as the velocity distribution of young radio pulsars (τ < 3 Myr) can be described as a sum of two Maxwellians with w = 0.2, σ 1 = 56 km s −1 and σ 2 = 336 km s −1 . This distribution lies well within the 68 per cent confidence interval of the distribution found by .
For younger objects (τ < 3 Myr) the exponential scaleheight of the Galactic distribution is h = 180 pc, for all pulsars in the list it is higher h = 320 pc and compatible with previous estimate by Lorimer et al. (2006) .
The radial scale-length for radio pulsars is mostly independent of age and is H ≈ 0.8 kpc -nearly two times smaller than the value of 1.7 kpc estimated earlier.
The results of the maximum likelihood method for parameters of velocity distribution are weakly sensitive to exact value of h and H used and changes are within 10 km s −1 if newer values are used.
The fraction of radio pulsars born with |v| < 60 km −1 is 5 per cent in our best model and varies between 2 and 8 per cent depending on σ 1 .
We notice that PSR J0614+2229 with τ ≈ 9 × 10 4 years moves toward the Galactic plane from its nominal height of z ≈ 150 pc. It could indicate a complicated binary origin of this radio pulsar or its non-standard magnetic field evolution. 
